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1. Introduction

Considerable effort has been made in the past, without much success, to determine the
pressure wave propagation speed for two fluids, two-phase flow. Delhaye et al. (1981) and Ishii
(1975) have showed systematic derivation of the governing equations for two-phase flows.
However, this governing equation system has complex characteristics, making the two-phase
flow formulation mathematically ill-posed, see Ramshaw and Trapp (1978); Stewart (1979).
Various modifications of the governing equations has therefore been followed to render the
characteristic roots real.

The single-pressure models in the classical two fluids, two-phase formulation assume that the
pressure is continuous across the interface boundary. Unfortunately, these models lead to the
afore-mentioned complex eigenvalues for the practical problems under review. In contrast, the
two-pressure models assume that the gas and the liquid pressures are not necessarily
continuous across the interface. These models have, as a matter of fact, produced real
eigenvalues, see Ransom and Hicks (1984); Holm and Kupershmidt (1986); Ramshaw and
Trapp (1978). However, most of the two-pressure models are either deficient of the constraint
binding the two phasic pressures, producing nonphysical behavior in the solution, or based on
the pressure constraints true only for a particular type of two-phase flows.

To construct new two fluids and two-phase flow formulation, we consider one-dimensional
mass and momentum conservation equations
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The subscript k is for either phase (k = G,L) and i is for the interface; ¢, p, v are respectively
the void fraction, the density, and the flow velocity. The source terms ¢, and ¢, on the
right hand side of (1) and (2) do not affect the mathematical type of the partial differential
equations. The above system of equations has more unknowns than the number of equations.
The innovative feature of the present formulation is that we have introduced a small
differential pressure force term, ( p—p,)d¢;/0x, as a force balance in the momentum equations.
Although this term which will be derived from the surface physics shortly might be very small,
it converts the equation system into hyperbolic type without introducing the virtual mass or
artificial additive terms, unlike the earlier formulations.

2. Pressure constraint

For a sphere having an infinitely thin film of radius R and surface tension ¢, the well-known
Young and Laplace’s formula becomes

20
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For a very thin film of finite thickness J, this equation should be modified to the form
20 o 20 o
pG_pL:RG+5/2(S):RL—(S/z(S) @)

where the radius R in (3) is replaced by Rs+3/2 or R;—d/2 the distance from the center of the
sphere to the half thickness of the thin film, or the average distance to the film; see Fig. 1. This

Fig. 1. Spherical interface model with finite thickness J.
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thin film of thickness 6 can represent the hypothetical interfacial thickness estimated earlier in
the statistical mechanics, see Clive (1980); Egelstaff and Widom (1970); Present (1974).

Let A; and V; denote respectively the surface area and the gas volume of the sphere with the
interface film at the average distance R+ /2. When the radius of the sphere is changed by the
increment AR, the surface area and the gas volume will be accordingly changed, satisfying

Rg (AA; 0/2
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For the liquid side, the above relation is subject to
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In the limit for AR;—0 with the total volume V' = V' + V, it holds that
AV) _ b _ da
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wherea; is the interfacial area per unit volume. Equation (4) then becomes, upon using (5) and

(7,
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The factor 4¢/0 in the right hand side plays the role of a Lagrangian multiplier given in
Papalambros and Douglass (1988) and Aubin and Ekeland (1984), which helps to identify a
particular two-phase flow regime under consideration.

Relationship between the surface tension and the surface thickness has been sought for a
long time. It is now known from the statistical mechanics and the physical chemistry that an
approximation can be made as Co/0 = L. Here C is a constant and L is a bulk modulus.
From this and the physics of surface tension at the interface where the density is
discontinuous, the so-called bulk modulus, 46/6 = L, can be split into two parts as follows

(7
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By means of (5)—(7), (8) is changed to
R Ba,- R aai
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In (10) above, we can safely assume for a steady equilibrium two-phase flow that the phasic
properties remain fixed without interchange between phases. Consequently, we can claim that
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The above equations have the following consequences to be explained. Firstly, the surface
tension thickness can be reversely obtained by

4o

0= Tot LD (9

Equation (13) is, as a matter of fact, very close to an existing relation in the physical
chemistry, namely,

I~ay,/2c (14)

which is derived from the van der Waals/Cahn-Hilliard equation (Clive, 1980). Here ¢ is a
constant, y, is isothermal compressibility, and / is a measure of the interfacial thickness. It is,
however, applicable when the liquid density is substantially larger than the gas density. Upon
inserting physical data, (13) correctly verifies the physical observation that most liquids have
surface thickness ¢ of an angstrom unit. Secondly, we find that the two-phase flow regimes can
be obtained by different combination of the two bulk moduli, Ls; and L;. It is in contrast to
other existing two-phase models. Thirdly, the experimental pressure-wave propagation can be
correctly simulated by the present surface tension model. From (10)—(12), the relation between
the phasic pressure jumps and the bulk moduli are obtained as follows
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3. Characteristics of the hyperbolic equation system

Using the identity dpg/dx = dpr/ox derived from (3) for the constants ¢ and J, and the
isentropic pressure-density relation dp; = dpx/C; where Cy is the sonic speed, we can rewrite
the conservation equations as

aék (373 apG aek 3pG 3l)k
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where ¢,, is changed to a new term ¢',,x to take the contribution from the mass source term
¢, into account. Also n is the exponent to distinguish the phasic states, with 1 for the gas and
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2 for the liquid phase. The coupled quasi-linear partial differential equation system takes a
compact matrix form

oH oH

A—+B—=EFE 19

ot ox (19)
Here H is a state vector having four primitive variables, ¢g, pg, UG, and u;; A and B are the
coefficient matrices, and E is a source vector to be given by the empirical correlations. The
eigenvalues 1 of the coefficient matrix G = A~'. B are determined from the characteristic
equation, det(G — AI) = 0. A fourth-order polynomial equation is obtained as

Py(2) = (A — v6) (. — vi)* — Ki(A — v6)* — Ka(h — vp)* + K3 (20)
where
LiecC? + CC?
Ky =26t Cetitibe @1
cGprCr +epcCs
L 2 2 2
Ky = FerCet Cilocans 22)
€6pLCL +€LpcCh
2 2 L L
K = C;CilegLr +erLc) 23)

€GpCi +epcCh

The above characteristic equation has three sets of four distinct real eigenvalues that depend
on the multipliers Lz and L;. It is remarkable to note that these three distinct eigenvalue sets
represent the three known two-phase flow regimes, namely the dispersed, the slug, and the
separated flows. The eigenvalue sets are listed in Table 1.

Other than the above real eigenvalue sets, no other meaningful characteristic roots could be
found due to the complexity of the equations. In the above, the multipliers, Ls; and L;, are
obtained from the simplified physical models as follows.

Table 1
The distinct real eigenvalue sets dependent on L
Slug flow regime Aa=vetCyr
234=v6xCq
C2
2= VLiCL‘/%
Dispersed flow regime €LpCo + P CL
Jp=vtCq

3 2
P \/I
Separated flow regime eLpcCq +eop Cr

734=v6xCq
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Fig. 2. Simplified physical model for the slug flow regime.
3.1. Slug flow

Since there is no elastic interaction between the two fluids and the sonic wave traveling in
one fluid is not disturbed by the other fluid in the slug flow regime shown in Fig. 2, the time
taken by the sonic wave to travel in the slug-flow column is equal to sum of the propagation
time in each phase. Then the bulk modulus in each phase is identical to that of the single
phase, namely,

Lo = pgC% (24)

L= PLC% (25)

3.2. Homogeneous flow

Mixture bulk modulus of the two fluids becomes

dr _
av=

dp _ v dp
dVL + dVG - VLdp ngp
+
LL,S LG,S

—V

L,=-V (26)

where V' = Vs+ V; is the total volume of the mixture, and Ls, and L, ; are the bulk moduli
of the single phases. For two phases of liquid and gas, it obviously holds that Lg <L ;. Then,
(26) leads to

L G,s
Lm =

(27)
€G

Equation (27) shows that the mixture bulk modulus is rather close to that of the gas than the
liquid. Since the two fluids must have the same average bulk modulus for the homogeneous
two fluids, it holds that L,,=(L;+ Lg) & L s/€G. Therefore, we can now set the bulk moduli as

Lg = pGC2G (28)
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€
Ly =pgCe= (29)
€G

Assuming eg=¢;=0.5, we let L, =pGC%;. It will be observed later that this assumption of
particular void fraction for L; will not hamper the good comparison of the results with the
experiment.

To be able to maintain perfect mixing, the characteristic length 6 in (13) can be considered
as a minimum distance separating the two fluids which have different bulk pressures due to the
surface tension, that is,

20

0=—p5n
pcCo

(30)

It is very exciting to note that this equation appears very close to the existing equation,
Ry=20T/p>hBy (Van Stralen 1966), for the minimum radius of bubble nuclei in homogeneous
nucleation process (see Blander and Katz, 1975). Here T, & and 0, are respectively the
saturation temperature, latent heat of vaporization, and initial superheating temperature.
Substituting the physical data, we find that both J in (30) and R, have the same 10~ m order
of magnitude for many liquids. It is noted that the initial bubble nucleation in a liquid can
therefore be expressed by a pure mechanical process.

3.3. Separated flow

In the case of the separated flow, it has been known that the pressure wave in gas is not
transmitted into the liquid but most of the wave is reflected. Otherwise, it could be changed
into capillary waves on the liquid surface. Unfortunately, the propagation mechanism of
parallel pressure wave on the interface has not been well studied (Fig. 3). We set here the
values of L, approximately as follows:

Lo = pgCh 31)

L, =0 (32)

On the other hand, Nguyen derived the sonic speed from the equations of continuity and
momentum, considering a stationary wave front in a moving single phase medium as in Fig. 4.
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Fig. 3. Simplified physical model for the separated flow regime.
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Fig. 4. Propagation model of an infinitesimal pressure pulse.

Combining of the continuity and momentum equations yields
1
2 _
Vo= pdV+ dp
Vdp dp

e (33)

Equation (33) depicts the effective sonic speed of the individual phase confined by an elastic
boundary. The effective sonic speed depends upon the cross-sectional variation, dV/V, or the

Table 2
Comparison of the effective sonic speeds in each phase
Present model Nguyen model
Slug flow regime (liquid/gas) Cp Cr
CG CG
Dispersed flow regime
pcCo pcCo
Cr 2 2 Cr 2 2
€1pcCoq +eapLCy, eLpCo +€apLCL
C
¢ pLCl

epcCe +eap CL

Separated flow regime

. eLpgCs c, pCe
eLpcCe +eap Cp eLpgCe +eap Cp

C
“ cGpLCl

Cg
€1pgC% +ecp Ca
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Table 3
Comparison of the effective sonic speeds in the limiting cases
Present model Nguyen model
e—0 e—1 e—0 e—1
gas Liquid gas Liquid gas Liquid gas Liquid
Slug flow CG CL CG CL CG CL CG CL
Homogeneous Cg Cr Ce e 0, C2 Cr Cqg 06 Ce
flow Cs 5 * Cg 3 Ce 2
pLCL PcCq pLCL
Separated Cq Cy Cq 0 0 Cy Cq 0

flow

Physically the effective sonic speed cannot be larger than that of the single phase. However, as marked with *,
Nguyen’s model gives sonic speed for the gas in homogeneous flow much greater than Cg or even Cj.

void-fraction variation which is replaced by a reasonable physical model for each flow regime.
These Nguyen'’s values are compared with the present results in Table 2.

The basic difference between the two physical models is that Nguyen does not consider the
interfacial discontinuity of the momentum caused by the surface tension. If the surface tension
can be ignored (when bubble size is large enough to separate), Nguyen’s result could be more
accurate than the present one. However, Nguyen’s result shows such nonphysical phenomenon
that the sonic speed of gas is greater than that of the single phase at the limiting state (¢e—0) in

Table 4
Comparison of total speed of sound
Flow regimes Models
Present results Theoretical results by Nguyen et al.
Slug flow C - CeCpr o CeCr
! _€LC(,‘—|—E(;CL ! _€LCG+€(;CL

Dispersed flow

Ci = C =
CotecC pgC €ELJEGPL T €G/ELPG
cLtoTeebL cLpChtep Cr
Separated flow CoC 1pgCl CoC €6eLPc
C GHL\ cpgCoteap, C G\ cpeCoteap, C;
i =

Ci=
" erJeapr + €cJeipg

(,,pg(%
6L[>(;Cf,-+fc;PLCi

€1.Cq +e6CL
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300.00
Pressure = 283 kpa ,water-vapor bubbly flow
o Compression pulse, Henry et. al. (1971)
W Rarefaction pulse, Henyr et. al. (1971)
———— Present model
200.00 - - - - Nguyenet. al. (1981)
@
g
o
100.00
0.00 T T T v
0.00 0.10 0.20 0.30 0.40

Void fraction

Fig. 5. Total speed of sound: water-vapor dispersed flow.

the homogeneous flow regime (Table 3). In contrast, the present model suggests adequate
values in all of the flow regimes.

To test the accuracy of the present theory, the eigenvalues are compared with both the
experimental speeds of sound measured by Henry et al. (1971) and the theoretical results by
Nguyen et al. (1981). For this purpose, we first define a total speed of sound, weighted by the

300.00
" Water-air bubbly flow
o Pressure = 172 kpa, Henry et. al. (1971)
[ | Pressure = 448 kpa, Henry et. al. (1971)
- - - - Nguyenet. al. (1981)
200.00 —— Pressent model

C. (m/s)

100.00

0.00 v . T v T - T
0.00 o0.10 0.20 0.30 0.40 0.50
Void fraction

Fig. 6. Total speed of sound: water-air dispersed flow.
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1600.00
[
Pressure = 172 kpa, water-air slug flow
1200.00 @  Henryet al. (1971)
Present model
I
E 800.00
(&)
400.00
0.00 r T T T T T r T
0.00 0.20 0.40 0.60 0.80 1.00

Void fraction

Fig. 7. Total speed of sound: water-air slug flow.

void fraction of the individual phase:

A1
c —_ 1%

= 34
€Ll + €gli 34

Table 4 compares the present total speed of sound with that of Nguyen et al. The present
result shows good agreement with both Nguyen et al.’s and experimental values for both the

600.00
speed of sound in vapor
w w L 4 . . L
400.00
Presseure = 100 kpa, water-vapor separated flow
Q [ ] Henry et. al. (1971) , Pesent model
S
&
200.00
speed of sound in water
0.00 x I T T x T v T
0.00 0.20 0.40 0.60 0.80 1.00

Viod fraction

Fig. 8. Total speed of sound: water-vapor separated flow.



866 S. Lee et al. | International Journal of Multiphase Flow 24 (1998) 855-866

water-vapor flow in Fig. 5 and water-air dispersed flows in Fig. 6. Figs. 7 and 8 show the total
speed of sound agreeing well with the experimental values for other flow regimes like water-air
slug flow and water-vapor separated flow.

4. Conclusions

We have theoretically predicted the phasic speeds of sound in the two-phase mixture by
means of the eigenvalues of the two fluids equation system. The pressure discontinuity at the
interface which is properly treated using the surface physics resulted in excellent agreement of
the present results with the experiment. Although application of the present theory is made to
a two-phase acoustic problem in this paper, transient two-phase flow regimes can be treated in
the future.
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